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Abstract
Qualitative Reasoning requires representations that1

expose relevant variables, relations, dependencies,2

and state distinctions. This paper studies Mean-3

ingful Intermediate Variables (MIVs) as candi-4

date relational abstractions between raw numeri-5

cal variables and symbolic model structure. The6

proposed framework generates candidate MIVs7

by a constrained pairwise construction scheme,8

ranks them using validation-based criteria, and9

injects selected candidates into a second Gram-10

matical Evolution search. In a controlled syn-11

thetic task, the method recovers product, differ-12

ence, and protected-division components within the13

top-ranked candidates. The resulting model is more14

compact and achieves lower prediction error than15

a baseline search over raw variables, providing a16

proof of concept for hybrid qualitative–quantitative17

representation construction.18

1 Introduction19

Qualitative Reasoning (QR) is concerned with representa-20

tions that make system structure explicit, including relevant21

variables, relations, dependencies, mechanisms, and state dis-22

tinctions [Forbus, 1984; Kuipers, 1994]. In scientific, engi-23

neering, medical, and decision-support domains, a model is24

often required to provide accurate predictions while exposing25

the structure by which variables are related. This requirement26

is also central to Model-Driven Explainable Artificial Intelli-27

gence (MD-XAI), where explanation is approached as struc-28

tural model construction rather than as a post-hoc description29

of a trained black-box model [Sepioło and Ligęza, 2024].30

A recurring difficulty is the transition from raw numer-31

ical variables to a representation that exposes intermediate32

structure. Numerical models may fit the data while hiding33

functional dependencies, ratios, thresholds, or other relation34

types. This paper addresses this intermediate level by study-35

ing MIVs as symbolic components generated and evaluated36

within a grammar-constrained modeling process.37

Post-hoc XAI methods such as LIME and SHAP provide38

local surrogate explanations or feature attributions [Ribeiro39

et al., 2016; Lundberg and Lee, 2017]. They are use-40

ful for model inspection, but they are not designed to con-41

struct reusable symbolic intermediate variables or qualita- 42

tive model structures. Earlier experiments comparing shallow 43

XAI methods with GE also indicated that symbolic model 44

construction may provide deeper structural explanations than 45

local attribution-based methods [Sepioło and Ligęza, 2023]. 46

From a QR perspective, MIVs are primarily representa- 47

tional constructs. Although the candidates considered in this 48

paper are numerical expressions, they expose relation types 49

that are often central to qualitative modeling: contrast, in- 50

teraction, proportionality, and state-relevant functional de- 51

pendence. Such variables can be inspected as symbolic 52

components and may later be mapped to qualitative distinc- 53

tions by thresholds, intervals, landmarks, or domain-specific 54

regimes. The paper contributes a constrained candidate- 55

generation scheme for MIVs and evaluates whether the gen- 56

erated candidates can recover known intermediate relations 57

and support more compact downstream symbolic models. 58

2 Background and Method 59

Symbolic Regression searches for analytical expressions that 60

fit observed data without assuming a fixed parametric form. 61

It is useful when compact and interpretable mathematical 62

relations are sought, rather than only predictive accuracy 63

[Makke and Chawla, 2024]. Grammatical Evolution (GE) is a 64

grammar-based evolutionary method in which a grammar de- 65

fines the admissible expressions and evolutionary search ex- 66

plores the resulting symbolic model space [Ryan et al., 1998]. 67

The gramEvol package implements GE in R by optimiz- 68

ing populations of expressions generated from user-defined 69

grammars [Noorian et al., 2016]. 70

A key element of MD-XAI is the concept of a Meaningful 71

Intermediate Variable [Sepioło and Ligęza, 2024]. An MIV 72

is an auxiliary variable constructed from input variables or 73

other intermediate variables for knowledge aggregation. Ex- 74

amples include the discriminant of a quadratic equation, area- 75

like variables in classification tasks, or the Body-Mass Index 76

in medicine [Sepioło and Ligęza, 2024]. Here, an MIV is 77

distinguished from a candidate MIV: the latter is only a pro- 78

posed intermediate structure generated by symbolic search or 79

by a symbolic construction scheme. Its semantic or causal 80

relevance is not automatically guaranteed. 81

In QR, useful representations often abstract from raw mea- 82

surements to variables that encode relations, regimes, or state- 83

relevant quantities [Forbus, 1984; Kuipers, 1994]. MIVs 84



serve a related role: they are computed from numerical data,85

but they can expose structural information such as product86

relations, difference relations, ratios, or threshold-dependent87

quantities. The present paper evaluates the first step: au-88

tomatic generation and reuse of symbolic intermediate vari-89

ables before explicit discretization into qualitative states.90

The framework has two layers: symbolic search and can-
didate MIV construction. GE is used both as a baseline sym-
bolic regression method and as a downstream search proce-
dure after candidate MIVs have been added to the variable
set. Let

X = {X1, . . . , Xp}
be the set of raw input variables. A candidate-generation
scheme defines a finite set

C = {c1, . . . , cq},

where each ci is a symbolic expression over a subset of X .91

In the pairwise setting used in the experiment, for each pair92

(Xi, Xj), i < j, the scheme generates:93

Xi +Xj , Xi −Xj , Xj −Xi, XiXj ,
94

pdiv(Xi, Xj), pdiv(Xj , Xi),

Here, pdiv denotes protected division. The construction95

scheme contains additive, subtractive, multiplicative, and96

ratio-type candidate MIVs, but avoids arbitrary expression97

growth.98

Each candidate expression c ∈ C is evaluated on a vali-
dation set to identify candidates that are simple, predictive,
and useful beyond the raw variables. The ranking score com-
bines validation correlation, one-candidate predictive useful-
ness, incremental usefulness over the raw variables, a small
operator-type bonus, and a complexity penalty:

score(c) = α1| corr(c, Y )|+α2U(c)+α3I(c)+B(c)−C(c).

Here, U(c) denotes the validation RMSE reduction obtained
by a linear model using only c, relative to a constant baseline.
The term I(c) denotes the additional validation RMSE reduc-
tion obtained when c is added to a linear model over the raw
variables. In the experiment, the score was instantiated as

score(c) = 12| corr(c, Y )|+10U(c)+25I(c)+B(c)−C(c).

The selected candidates are added to the original raw inputs
as additional variables:

X ′ = X ∪ {m1, . . . ,mk}.

A second GE run is then performed over X ′.99

3 A Proof-of-Concept Experiment100

The experiment evaluates whether a constrained pairwise101

MIV candidate-generation scheme can recover known inter-102

mediate variables and whether injecting the selected candi-103

dates into a second GE phase improves the resulting symbolic104

model. The experiment is intentionally synthetic because the105

ground-truth MIVs are known and can therefore be evaluated106

directly.107

3.1 Synthetic Task 108

The data-generating process contains three latent intermedi-
ate variables:

z1 = X1X2,

z2 = pdiv(X3, X2),

z3 = X1 −X3.

The target variable is defined as

Y = z1 + z3 − z2 + ε,

where ε is Gaussian noise. The variable X2 is sampled from 109

a positive interval to keep the denominator in z2 away from 110

zero. The remaining variables are sampled independently 111

from bounded uniform distributions. The variable X4 is in- 112

cluded as an irrelevant input to expose spurious pairwise can- 113

didates involving unused variables. 114

The synthetic task tests the recovery of heterogeneous 115

intermediate structures: a product, a difference, and a 116

protected-division ratio. All three ground-truth interme- 117

diate variables are expressible by the pairwise candidate- 118

generation scheme. The ratio component makes it possible 119

to evaluate whether protected division can be recovered as a 120

meaningful candidate MIV rather than appearing only as an 121

artifact of symbolic search. 122

Two variants are compared. Baseline GE searches over 123

the original variables X1, X2, X3, X4. Pairwise-MIV-GE 124

first ranks candidate intermediate variables generated by the 125

scheme described above and then runs a second GE phase 126

over the original variables and the injected candidates. 127

3.2 Implementation and Metrics 128

For four raw variables, the pairwise scheme generated 36 129

candidate intermediate variables: six candidates for each un- 130

ordered pair of variables. Candidate generation was deter- 131

ministic and used only the raw input variables. It did not use 132

test-set information or access to the ground-truth intermediate 133

variables. 134

The data were split into training, validation, and test sets. 135

Baseline GE was trained on the training set. Candidate inter- 136

mediate variables were ranked on the validation set using the 137

scoring function from the previous section. The final predic- 138

tive performance of Baseline GE and Pairwise-MIV-GE was 139

reported on the held-out test set. Each split contained 300 140

training, 300 validation, and 300 test samples. The experi- 141

ment was repeated over 10 random seeds. The noise standard 142

deviation was set to 0.03. The top five ranked candidates were 143

injected into the second GE phase. GE was run for 140 gener- 144

ations in both the baseline and MIV-augmented phases, with 145

a population size of 180. 146

Candidate recovery is evaluated using the known ground-
truth MIVs:

z1 = X1X2, z2 = pdiv(X3, X2), z3 = X1 −X3.

For each ground-truth MIV, its rank in the candidate list is 147

reported. A candidate is considered to match a ground-truth 148

MIV if it is numerically equivalent or affine-equivalent to the 149

target component in the training data. Affine equivalence ac- 150

counts for expressions such as X3 −X1, which is equivalent 151

to X1 −X3 up to sign. 152



Table 1: Candidate recovery and operator composition in top-k can-
didates.

Top-k Rec. pdiv Prod. Diff.

1 1.0 0.0 0.0 1.0
3 2.0 0.0 1.0 2.0
5 3.0 2.0 1.0 2.0

10 3.0 2.0 2.0 4.9
20 3.0 3.5 2.5 10.0

Table 2: Predictive and structural results.

Method Train Test Gap Nodes

Baseline 0.111 0.119 0.007 15.0
Pairwise-MIV 0.029 0.030 0.000 5.0

Downstream symbolic modeling is evaluated using train
RMSE, test RMSE, the train–test generalization gap, and ex-
pression node count. The generalization gap is defined as

gap = RMSEtest −RMSEtrain .

In the MIV-augmented setting, injected candidate MIVs are153

counted as single terminal nodes in the final expression.154

Therefore, a lower node count indicates a more compact fi-155

nal symbolic expression, but it does not account for the in-156

ternal symbolic cost of computing the injected intermediate157

variables themselves.158

3.3 Results159

The candidate-ranking results show stable recovery of all160

three ground-truth MIVs. The difference component z3 =161

X1 − X3 was ranked first in every run. The product com-162

ponent z1 = X1X2 had a mean rank 3.0, and the protected-163

division component z2 = pdiv(X3, X2) had a mean rank 4.8.164

No ground-truth component was missing from the ranked165

candidate lists.166

Table 1 confirms that all three ground-truth MIVs were re-167

covered within the top-5 candidates. In the top-1 position,168

one component was recovered on average. In the top-3 candi-169

dates, two components were recovered. In the top-5, top-10,170

and top-20 candidates, all three components were recovered.171

Table 2 shows that, with five injected candidates, the down-172

stream modeling results align with the candidate-recovery re-173

sults. Pairwise-MIV-GE achieved substantially lower test er-174

ror than Baseline GE while also producing smaller final ex-175

pressions. Baseline GE achieved mean test RMSE 0.119,176

whereas Pairwise-MIV-GE achieved mean test RMSE 0.030.177

The mean node count decreased from 15.0 to 5.0. The mean178

generalization gap also decreased from 0.007 to 0.0004.179

The selected candidates explain this change. The top-5180

injected set always contained the difference component, the181

product component, and the true protected-division compo-182

nent. Thus, the second GE phase had access to all three183

ground-truth MIVs and could construct compact expressions184

algebraically equivalent to z1 + z3 − z2. Redundant selected185

candidates, including the sign-reversed difference, were gen-186

erally not needed in the final compact model.187

4 Discussion 188

From a QR perspective, the recovered MIVs can be inter- 189

preted as candidate structural variables. They correspond 190

to distinct relation types: multiplicative interaction, contrast, 191

and ratio-like dependence. They are computed numerically, 192

but their role is representational: they expose intermediate re- 193

lations that are not explicit in the raw input space. Such vari- 194

ables could later be mapped to qualitative levels by threshold- 195

ing, interval abstraction, landmarks, or domain-specific dis- 196

cretization. 197

The experiment separates two effects. First, the pair- 198

wise candidate-generation scheme recovered the relevant 199

intermediate variables, including the ratio-type component 200

pdiv(X3, X2), within the top-5 candidates in all runs. Sec- 201

ond, once these candidates were injected, the downstream GE 202

phase could construct compact expressions equivalent to the 203

ground-truth structure. For MD-XAI and QR-oriented mod- 204

eling, this supports evaluating candidate recovery and final 205

symbolic modeling as related but distinct targets. 206

The study is a proof of concept, not a complete QR system. 207

Since the ground-truth components are expressible by the 208

pairwise candidate-generation scheme, the experiment does 209

not test open-ended qualitative model discovery. The pre- 210

dictive comparison is also not a definitive benchmark against 211

all symbolic regression baselines, because Pairwise-MIV-GE 212

benefits from an additional representational step before the 213

second GE phase. 214

The present experiment is limited by the simplicity and re- 215

dundancy of the pairwise construction scheme. Pairwise can- 216

didates can recover only two-variable intermediate structures, 217

and the selected top-5 set may contain redundant candidates 218

such as X1 − X3 and X3 − X1. Richer QR-oriented rep- 219

resentations would require diversity-aware candidate selec- 220

tion, compositional candidate generation, monotonicity con- 221

straints, threshold or relay-like operators, and explicit dis- 222

cretization of selected MIVs into qualitative states. Grammar 223

refinement, including feedback-driven adaptation of produc- 224

tion rules, is one possible route toward such richer represen- 225

tations [Sepioło et al., 2025]. 226

5 Conclusion 227

This paper examined Meaningful Intermediate Variable gen- 228

eration as a mechanism for constructing intermediate repre- 229

sentations in hybrid qualitative–quantitative reasoning. The 230

proof-of-concept experiment showed that a constrained pair- 231

wise candidate-generation scheme recovered all ground-truth 232

intermediate variables within the top-5 ranked candidates and 233

enabled Pairwise-MIV-GE to obtain lower prediction error 234

and a more compact final expression than Baseline GE. The 235

main contribution is the construction of an explicit interme- 236

diate relational layer between numerical inputs and symbolic 237

model structure. This layer can serve as a basis for later qual- 238

itative interpretation through thresholds, regimes, or domain- 239

specific abstraction. Future work should examine diversity- 240

aware candidate selection, compositional MIV construction, 241

qualitative discretization, and QR-oriented grammar adapta- 242

tion. 243



References244

[Forbus, 1984] Kenneth D. Forbus. Qualitative process the-245

ory. Artificial Intelligence, 24(1-3):85–168, 1984.246

[Kuipers, 1994] Benjamin Kuipers. Qualitative Reasoning:247

Modeling and Simulation with Incomplete Knowledge.248

MIT Press, 1994.249

[Lundberg and Lee, 2017] Scott M. Lundberg and Su-In250

Lee. A unified approach to interpreting model predictions.251

In Advances in Neural Information Processing Systems,252

volume 30, pages 4765–4774, 2017.253

[Makke and Chawla, 2024] Nour Makke and Sanjay254

Chawla. Interpretable scientific discovery with symbolic255

regression: A review. Artificial Intelligence Review, 57,256

2024.257

[Noorian et al., 2016] Farzad Noorian, Anthony M. de Silva,258

and Philip H. W. Leong. gramevol: Grammatical evolution259

in r. Journal of Statistical Software, 71(1):1–26, 2016.260

[Ribeiro et al., 2016] Marco Tulio Ribeiro, Sameer Singh,261

and Carlos Guestrin. "why should i trust you?": Ex-262

plaining the predictions of any classifier. In Proceedings263

of the 22nd ACM SIGKDD International Conference on264

Knowledge Discovery and Data Mining, KDD ’16, page265

1135–1144, New York, NY, USA, 2016. Association for266

Computing Machinery.267

[Ryan et al., 1998] Conor Ryan, JJ Collins, and Michael O.268

Neill. Grammatical evolution: Evolving programs for269

an arbitrary language. In Wolfgang Banzhaf, Riccardo270

Poli, Marc Schoenauer, and Terence C. Fogarty, editors,271

Genetic Programming, pages 83–96, Berlin, Heidelberg,272

1998. Springer Berlin Heidelberg.273
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