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Abstract

Qualitative Reasoning requires representations that
expose relevant variables, relations, dependencies,
and state distinctions. This paper studies Mean-
ingful Intermediate Variables (MIVs) as candi-
date relational abstractions between raw numeri-
cal variables and symbolic model structure. The
proposed framework generates candidate MIVs
by a constrained pairwise construction scheme,
ranks them using validation-based criteria, and
injects selected candidates into a second Gram-
matical Evolution search. In a controlled syn-
thetic task, the method recovers product, differ-
ence, and protected-division components within the
top-ranked candidates. The resulting model is more
compact and achieves lower prediction error than
a baseline search over raw variables, providing a
proof of concept for hybrid qualitative—quantitative
representation construction.

1 Introduction

Qualitative Reasoning (QR) is concerned with representa-
tions that make system structure explicit, including relevant
variables, relations, dependencies, mechanisms, and state dis-
tinctions [Forbus, 1984; Kuipers, 1994]. In scientific, engi-
neering, medical, and decision-support domains, a model is
often required to provide accurate predictions while exposing
the structure by which variables are related. This requirement
is also central to Model-Driven Explainable Artificial Intelli-
gence (MD-XAI), where explanation is approached as struc-
tural model construction rather than as a post-hoc description
of a trained black-box model [Sepioto and Ligeza, 2024].

A recurring difficulty is the transition from raw numer-
ical variables to a representation that exposes intermediate
structure. Numerical models may fit the data while hiding
functional dependencies, ratios, thresholds, or other relation
types. This paper addresses this intermediate level by study-
ing MIVs as symbolic components generated and evaluated
within a grammar-constrained modeling process.

Post-hoc XAI methods such as LIME and SHAP provide
local surrogate explanations or feature attributions [Ribeiro
et al., 2016; Lundberg and Lee, 2017]. They are use-
ful for model inspection, but they are not designed to con-

struct reusable symbolic intermediate variables or qualita-
tive model structures. Earlier experiments comparing shallow
XAI methods with GE also indicated that symbolic model
construction may provide deeper structural explanations than
local attribution-based methods [Sepioto and Ligeza, 2023].
From a QR perspective, MIVs are primarily representa-
tional constructs. Although the candidates considered in this
paper are numerical expressions, they expose relation types
that are often central to qualitative modeling: contrast, in-
teraction, proportionality, and state-relevant functional de-
pendence. Such variables can be inspected as symbolic
components and may later be mapped to qualitative distinc-
tions by thresholds, intervals, landmarks, or domain-specific
regimes. The paper contributes a constrained candidate-
generation scheme for MIVs and evaluates whether the gen-
erated candidates can recover known intermediate relations
and support more compact downstream symbolic models.

2 Background and Method

Symbolic Regression searches for analytical expressions that
fit observed data without assuming a fixed parametric form.
It is useful when compact and interpretable mathematical
relations are sought, rather than only predictive accuracy
[Makke and Chawla, 2024]. Grammatical Evolution (GE) is a
grammar-based evolutionary method in which a grammar de-
fines the admissible expressions and evolutionary search ex-
plores the resulting symbolic model space [Ryan ez al., 1998].
The gramEvol package implements GE in R by optimiz-
ing populations of expressions generated from user-defined
grammars [Noorian et al., 2016].

A key element of MD-XALI is the concept of a Meaningful
Intermediate Variable [Sepioto and Ligeza, 2024]. An MIV
is an auxiliary variable constructed from input variables or
other intermediate variables for knowledge aggregation. Ex-
amples include the discriminant of a quadratic equation, area-
like variables in classification tasks, or the Body-Mass Index
in medicine [Sepioto and Ligeza, 2024]. Here, an MIV is
distinguished from a candidate MIV': the latter is only a pro-
posed intermediate structure generated by symbolic search or
by a symbolic construction scheme. Its semantic or causal
relevance is not automatically guaranteed.

In QR, useful representations often abstract from raw mea-
surements to variables that encode relations, regimes, or state-
relevant quantities [Forbus, 1984; Kuipers, 1994]. MIVs
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serve a related role: they are computed from numerical data,
but they can expose structural information such as product
relations, difference relations, ratios, or threshold-dependent
quantities. The present paper evaluates the first step: au-
tomatic generation and reuse of symbolic intermediate vari-
ables before explicit discretization into qualitative states.

The framework has two layers: symbolic search and can-
didate MIV construction. GE is used both as a baseline sym-
bolic regression method and as a downstream search proce-
dure after candidate MIVs have been added to the variable
set. Let

X ={Xy,...

be the set of raw input variables.
scheme defines a finite set

C:{cl,..

» Xp}

A candidate-generation

¢t

where each c; is a symbolic expression over a subset of X.
In the pairwise setting used in the experiment, for each pair

(X, X;), @ < j, the scheme generates:

Xi+ X5, Xi—X;, X;—-Xi, XXj,

pdiV(Xi,Xj), ple(X],XZ),

Here, pdiv denotes protected division. The construction
scheme contains additive, subtractive, multiplicative, and
ratio-type candidate MIVs, but avoids arbitrary expression
growth.

Each candidate expression ¢ € C is evaluated on a vali-
dation set to identify candidates that are simple, predictive,
and useful beyond the raw variables. The ranking score com-
bines validation correlation, one-candidate predictive useful-
ness, incremental usefulness over the raw variables, a small
operator-type bonus, and a complexity penalty:

score(c) = ay|corr(c,Y)|+aU(c)+asl(c)+B(c)—C(c).

Here, U(c) denotes the validation RMSE reduction obtained
by a linear model using only c, relative to a constant baseline.
The term I (c) denotes the additional validation RMSE reduc-
tion obtained when c is added to a linear model over the raw
variables. In the experiment, the score was instantiated as

score(c) = 12| corr(c,Y)|+10U (¢)+25I(c)+ B(c)—C(c).

The selected candidates are added to the original raw inputs
as additional variables:

X' =XU{my,...,m}.

A second GE run is then performed over X”.

3 A Proof-of-Concept Experiment

The experiment evaluates whether a constrained pairwise
MIV candidate-generation scheme can recover known inter-
mediate variables and whether injecting the selected candi-
dates into a second GE phase improves the resulting symbolic
model. The experiment is intentionally synthetic because the
ground-truth MIVs are known and can therefore be evaluated
directly.

3.1 Synthetic Task

The data-generating process contains three latent intermedi-
ate variables:
21 = X1Xo,

29 = pdiv(X3, Xa),
zz3 = X1 — X3.
The target variable is defined as
Y =214+ 23 — 2 +¢,

where ¢ is Gaussian noise. The variable X5 is sampled from
a positive interval to keep the denominator in zo away from
zero. The remaining variables are sampled independently
from bounded uniform distributions. The variable X, is in-
cluded as an irrelevant input to expose spurious pairwise can-
didates involving unused variables.

The synthetic task tests the recovery of heterogeneous
intermediate structures: a product, a difference, and a
protected-division ratio. All three ground-truth interme-
diate variables are expressible by the pairwise candidate-
generation scheme. The ratio component makes it possible
to evaluate whether protected division can be recovered as a
meaningful candidate MIV rather than appearing only as an
artifact of symbolic search.

Two variants are compared. Baseline GE searches over
the original variables X, Xo, X3, X4. Pairwise-MIV-GE
first ranks candidate intermediate variables generated by the
scheme described above and then runs a second GE phase
over the original variables and the injected candidates.

3.2 Implementation and Metrics

For four raw variables, the pairwise scheme generated 36
candidate intermediate variables: six candidates for each un-
ordered pair of variables. Candidate generation was deter-
ministic and used only the raw input variables. It did not use
test-set information or access to the ground-truth intermediate
variables.

The data were split into training, validation, and test sets.
Baseline GE was trained on the training set. Candidate inter-
mediate variables were ranked on the validation set using the
scoring function from the previous section. The final predic-
tive performance of Baseline GE and Pairwise-MIV-GE was
reported on the held-out test set. Each split contained 300
training, 300 validation, and 300 test samples. The experi-
ment was repeated over 10 random seeds. The noise standard
deviation was set to 0.03. The top five ranked candidates were
injected into the second GE phase. GE was run for 140 gener-
ations in both the baseline and MIV-augmented phases, with
a population size of 180.

Candidate recovery is evaluated using the known ground-
truth MIVs:

z1 = X1Xo, 2 =pdiv(X3, X2), 23=X; - X3,

For each ground-truth MIV, its rank in the candidate list is
reported. A candidate is considered to match a ground-truth
MIV if it is numerically equivalent or affine-equivalent to the
target component in the training data. Affine equivalence ac-
counts for expressions such as X3 — X7, which is equivalent
to X; — X3 up to sign.
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Table 1: Candidate recovery and operator composition in top-k can-
didates.

Top-k  Rec. pdiv Prod. Diff.
1 1.0 0.0 0.0 1.0

3 20 00 1.0 2.0

5 30 20 1.0 2.0

10 30 20 2.0 4.9

20 30 35 25 100

Table 2: Predictive and structural results.

Method Train

Baseline 0.111
Pairwise-MIV  0.029

Test Gap Nodes

0.119  0.007 15.0
0.030  0.000 5.0

Downstream symbolic modeling is evaluated using train
RMSE, test RMSE, the train—test generalization gap, and ex-
pression node count. The generalization gap is defined as

gap = RMSE;cst — RMSErqin -

In the MIV-augmented setting, injected candidate MIVs are
counted as single terminal nodes in the final expression.
Therefore, a lower node count indicates a more compact fi-
nal symbolic expression, but it does not account for the in-
ternal symbolic cost of computing the injected intermediate
variables themselves.

3.3 Results

The candidate-ranking results show stable recovery of all
three ground-truth MIVs. The difference component z3 =
X1 — X3 was ranked first in every run. The product com-
ponent z; = X7 X5 had a mean rank 3.0, and the protected-
division component zz = pdiv(Xs, X2) had a mean rank 4.8.
No ground-truth component was missing from the ranked
candidate lists.

Table 1 confirms that all three ground-truth MIVs were re-
covered within the top-5 candidates. In the top-1 position,
one component was recovered on average. In the top-3 candi-
dates, two components were recovered. In the top-5, top-10,
and top-20 candidates, all three components were recovered.

Table 2 shows that, with five injected candidates, the down-
stream modeling results align with the candidate-recovery re-
sults. Pairwise-MIV-GE achieved substantially lower test er-
ror than Baseline GE while also producing smaller final ex-
pressions. Baseline GE achieved mean test RMSE 0.119,
whereas Pairwise-MIV-GE achieved mean test RMSE 0.030.
The mean node count decreased from 15.0 to 5.0. The mean
generalization gap also decreased from 0.007 to 0.0004.

The selected candidates explain this change. The top-5
injected set always contained the difference component, the
product component, and the true protected-division compo-
nent. Thus, the second GE phase had access to all three
ground-truth MIVs and could construct compact expressions
algebraically equivalent to z; + 23 — 29. Redundant selected
candidates, including the sign-reversed difference, were gen-
erally not needed in the final compact model.

4 Discussion

From a QR perspective, the recovered MIVs can be inter-
preted as candidate structural variables. They correspond
to distinct relation types: multiplicative interaction, contrast,
and ratio-like dependence. They are computed numerically,
but their role is representational: they expose intermediate re-
lations that are not explicit in the raw input space. Such vari-
ables could later be mapped to qualitative levels by threshold-
ing, interval abstraction, landmarks, or domain-specific dis-
cretization.

The experiment separates two effects. First, the pair-
wise candidate-generation scheme recovered the relevant
intermediate variables, including the ratio-type component
pdiv(X3, X5), within the top-5 candidates in all runs. Sec-
ond, once these candidates were injected, the downstream GE
phase could construct compact expressions equivalent to the
ground-truth structure. For MD-XAI and QR-oriented mod-
eling, this supports evaluating candidate recovery and final
symbolic modeling as related but distinct targets.

The study is a proof of concept, not a complete QR system.
Since the ground-truth components are expressible by the
pairwise candidate-generation scheme, the experiment does
not test open-ended qualitative model discovery. The pre-
dictive comparison is also not a definitive benchmark against
all symbolic regression baselines, because Pairwise-MIV-GE
benefits from an additional representational step before the
second GE phase.

The present experiment is limited by the simplicity and re-
dundancy of the pairwise construction scheme. Pairwise can-
didates can recover only two-variable intermediate structures,
and the selected top-5 set may contain redundant candidates
such as X; — X3 and X3 — X;. Richer QR-oriented rep-
resentations would require diversity-aware candidate selec-
tion, compositional candidate generation, monotonicity con-
straints, threshold or relay-like operators, and explicit dis-
cretization of selected MIVs into qualitative states. Grammar
refinement, including feedback-driven adaptation of produc-
tion rules, is one possible route toward such richer represen-
tations [Sepioto et al., 2025].

5 Conclusion

This paper examined Meaningful Intermediate Variable gen-
eration as a mechanism for constructing intermediate repre-
sentations in hybrid qualitative—quantitative reasoning. The
proof-of-concept experiment showed that a constrained pair-
wise candidate-generation scheme recovered all ground-truth
intermediate variables within the top-5 ranked candidates and
enabled Pairwise-MIV-GE to obtain lower prediction error
and a more compact final expression than Baseline GE. The
main contribution is the construction of an explicit interme-
diate relational layer between numerical inputs and symbolic
model structure. This layer can serve as a basis for later qual-
itative interpretation through thresholds, regimes, or domain-
specific abstraction. Future work should examine diversity-
aware candidate selection, compositional MIV construction,
qualitative discretization, and QR-oriented grammar adapta-
tion.
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