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Abstract

Linguistic vocabularies used to assess the quality1

of alternatives in decision support systems may be2

different depending on the person who makes the3

evaluation. Fixing a single set of terms can cause4

problems due to differing semantic interpretations5

among participants. In this paper, we address the6

case of having multiple and multigranular linguis-7

tic term sets, based on trapezoidal fuzzy sets. A8

new dissimilarity metric between linguistic term9

sets based on the Wasserstein distance is proposed.10

It is then used to measure the consensus in group11

decision making in an illustrative case study.12

1 Introduction13

Linguistic vocabularies may be used for qualitative assess-14

ment of the available alternatives in decision support systems15

[Villani, 2009; Abuasaker et al., 2023; Ren and Hao, 2025;16

Cabrerizo et al., 2010]. In group decision making, giving the17

flexibility to use different linguistic term sets facilitates the18

evaluation task of the participants. In fact, if the same terms19

are fixed in advance, the problem of different people consid-20

ering different semantic interpretations appears [Abuasaker21

et al., 2023; Cabrerizo et al., 2010]. The use of fuzzy sets22

to represent the meaning of the linguistic terms in qualitative23

reasoning is widespread [Cabrerizo et al., 2010].24

When different and multigranular sets of fuzzy linguistic25

terms are allowed in a system, it may be required to know26

their similarity to compare them to a consensus linguistic27

term set, or to evaluate the degree of consensus among the28

experts. In both cases, a distance measure is needed.29

In this paper, we propose the use of the Wasserstein dis-30

tance between two linguistic term sets using trapezoidal fuzzy31

membership functions. The paper gives first a definition of32

distance between trapezoidal fuzzy sets, which is later used33

as cost in the optimal transport construction of the Wassert-34

stein distance. The Wasserstein distance is known for com-35

paring different probability distributions over the same scale36

[Villani, 2009]. In our proposal, we interpret the linguistic37

terms as a uniform probability distribution on a fixed numer-38

ical range [a, b]. The paper presents a short case study to39

illustrate the results of this distance.40

2 Preliminaries 41

Let U = [a, b] ⊂ R with a < b. A Trapezoidal Fuzzy 42

Number (TrFN) on U is a 4-tuple x = (x(1), x(2), x(3), x(4)) 43

satisfying a ≤ x(1) ≤ x(2) ≤ x(3) ≤ x(4) ≤ b. 44

The interval [x(2), x(3)] is the core (membership equal to 1) 45

and [x(1), x(4)] is the support (positive membership). When 46

x(2) = x(3), we have a triangular fuzzy number, which is 47

considered a special case of a trapezoidal function. 48

We denote by τ[a,b] the set of all such TrFNs. 49

A Linguistic Term Set over U is a finite collection A = 50

{A1, . . . , Am} with Ai ∈ τ[a,b], where i ̸= j → Ai ̸= Aj . 51

Having two linguistic terms sets A = {A1, . . . , Am} and 52

B = {B1, . . . , Bn} of possibly different cardinalities, the re- 53

mainder of this paper develops a distance between them. Note 54

that this corresponds to a distance between multigranular un- 55

balanced term sets defined in the same numerical interval U . 56

An important characteristic of this measure is that it does not 57

require any correspondence between their labels. 58

3 The Trapezoidal Fuzzy Distance 59

We first define a distance between individual trapezoidal 60

fuzzy numbers, with values in the range [0,M ], being M > 0 61

a fixed scale parameter 62

Definition 1. Trapezoidal Fuzzy Distance. 63

The Trapezoidal Fuzzy Distance dTrF : τ[a,b] × τ[a,b] → 64

[0,M ] is defined as: 65

dTrF(x, y) =
M

6(b− a)

(
|x(1) − y(1)|+ 2|x(2) − y(2)|

+2|x(3) − y(3)|+ |x(4) − y(4)|
)
.

(1)

The weights (1, 2, 2, 1) assign greater importance to the 66

core vertices than to the support boundaries, and the fac- 67

tor 1/6 normalizes the weights so that dTrF is bounded by 68

M (Proposition 2). The parameter M defines the maximum 69

value of the output scale.This definition extends the one of 70

the Triangular Fuzzy Rescaling Distance defined in [Soria et 71

al., 2026]. 72

The coefficients (1, 2, 2, 1) are those proposed in [Kauf- 73

mann and Gil-Aluja, 1988], prioritizing core vertices over 74

support boundaries. 75



3.1 Properties76

Proposition 1. Metric. The function dTrF is a metric on77

τ[a,b].78

Proof. Non-negativity, symmetry, and implication (x =79

y) → (dTrF(x, y) = 0) are immediately derived from80

the corresponding properties of the absolute value. For the81

converse implication, dTrF(x, y) = 0 forces the equality82

|x(k) − y(k)| = 0 for every k ∈ {1, 2, 3, 4}, and hence83

x = y. Finally, the triangle inequality is proven by apply-84

ing the scalar triangle inequality vertex-wise k ∈ {1, 2, 3, 4}:85

|x(k) − y(k)| ≤ |x(k) − z(k)|+ |z(k) − y(k)|

and averaging them with the positive weights (1, 2, 2, 1).86

87

Proposition 2. Boundedness. For every x, y ∈ τ[a,b], 0 ≤88

dTrF(x, y) ≤ M .89

Proof. Non-negativity has already been established. For the90

upper bound, since91

x(k), y(k) ∈ [a, b] for every k ∈ {1, 2, 3, 4},

we have92

|x(k) − y(k)| ≤ b− a,

and using the weights 1 + 2 + 2 + 1 = 6, it follows that93

dTrF(x, y) ≤
M

6(b− a)
· 6(b− a) = M.

94

Proposition 3. Topological structure of the ground space.95

The metric space
(
τ[a,b], dTrF

)
is complete and separable.96

Proof. The set τ[a,b] is the subset of R4 defined by the closed97

conditions a ≤ x(1) ≤ x(2) ≤ x(3) ≤ x(4) ≤ b, and is98

therefore closed and bounded in R4. The metric dTrF is a99

positively weighted ℓ1 norm on the differences of coordinates100

and is therefore equivalent to the Euclidean norm on R4 when101

restricted to τ[a,b]. As a closed and bounded subset of a finite-102

dimensional Euclidean space, it is complete and separable.103

104

4 The Wasserstein Distance for Multigranular105

Fuzzy Linguistic Term Sets106

We now extend the distance from individual TrFNs to entire107

linguistic term sets. The idea is to represent each label set108

as an empirical probability measure on (τ[a,b], dTrF) and to109

define the distance between linguistic term sets as the opti-110

mal transport cost between these measures, with dTrF as the111

ground cost.112

To each finite set A = {A1, . . . , Am}, we associate a uni-113

form probability distribution that assigns to each element the114

mass as:115

µA(Ai) =
1

m
, i = 1, ...,m. (2)

Definition 2. Multigranular Fuzzy Wasserstein Distance. 116

The Multigranular Fuzzy Wasserstein Distance between µA 117

and µB is defined as 118

dMFW(µA, µB) = min
π∈Π(µA,µB)

m∑
i=1

n∑
j=1

πij dTrF(Ai, Bj)

(3)
where Π(µA, µB) denotes the set of transport matrices 119

Π(µA, µB) =


π ∈ Rm×n

≥0 :
∑
j

πij =
1

m
∀i ∈ [1,m],

and
∑
i

πij =
1

n
∀j ∈ [1, n]


(4)

Each πij represents the fractional mass transferred from 120

label Ai to label Bj . The marginal constraints encode mass 121

conservation: each label in A contributes mass 1/m, each 122

label in B receives mass 1/n. Notice that the fuzzy mem- 123

bership functions of the labels are not considered as probabil- 124

ity distributions; instead, each label is considered an element 125

with equal probability with regards to the mass transference, 126

while the membership function is used when calculating the 127

trapezoidal fuzzy distance. 128

This definition is the standard discrete Wasserstein-1 dis- 129

tance between empirical probability measures with uniform 130

mass in the metric space (τ[a,b], dTrF) [Villani, 2009]. Be- 131

cause linguistic labels are on a common ordered 1D scale 132

and their assigned mass is uniform, the optimal Wasserstein- 133

1 coupling is the comonotone (quantile) coupling [Abdellatif 134

et al., 2025]. Therefore, we can compute π∗ by monotonous 135

cumulative mass matching (order-preserving, no crossings). 136

Otherwise, a generic linear program could be used. 137

4.1 Properties 138

Proposition 4. Boundedness. For every pair of label sets, 139

0 ≤ dMFW(µA, µB) ≤ M . 140

Proof. Non-negativity follows from dTrF ≥ 0 and πi,j ≥ 0. 141

For the upper bound, by Proposition 2, the maximum value 142

of the distance between to labels is dTrF(µA, µB) = M for 143

all i, j, and by marginal constraints we have
∑

i,j πi,j = 1, 144

hence in this case we have that the upper bound is 145∑
i,j

πij dTrF(Ai, Bj) = M.

146

Proposition 5. Metric. The function dMFW is a metric on 147

the set of empirical probability measures induced by finite 148

label sets in τ[a,b]. That is, for all label sets A,B,C: 149

1. dMFW(µA, µB) ≥ 0, with equality if and only if µA = 150

µB ; 151

2. dMFW(µA, µB) = dMFW(µB , µA); 152

3. dMFW(µA, µC) ≤ dMFW(µA, µB) + dMFW(µB , µC). 153



Proof. By Proposition 1, dTrF is a metric on τ[a,b]. By Propo-154

sition 3, (τ[a,b], dTrF) is a complete and separable metric155

space. The function dMFW is the Wasserstein distance W156

with dTrF as ground cost. By [Villani, 2009], W is a metric157

on the space of probability measures with finite first moment158

over a complete and separable metric space. It is satisfied by159

the empirical measures µA, µB , µC , with finite support con-160

tained in the bounded set τ[a,b], hence having finite first mo-161

ment.162

Proposition 6. Reduction to the classical Wasserstein-1163

distance. Suppose that every label in A and B is a degen-164

erate TrF, that is,165

Ai = (ai, ai, ai, ai), Bj = (bj , bj , bj , bj),

with ai, bj ∈ [a, b]. Then,166

dMFW(µA, µB) =
M

b− a
WR

1 (µ̃A, µ̃B),

where167

µ̃A = ai, µ̃B = bj

are empirical measures on R, and WR
1 denotes the classical168

Wasserstein-1 distance on R with ground cost |x− y|.169

Proof. For degenerate TrFNs, the four absolute differences in170

the definition of dTrF all collapse to |ai − bj |, giving171

dTrF(Ai, Bj) =
M

6(b− a)
· 6 |ai − bj | =

M

b− a
|ai − bj |.

Substituting this expression into Definition 2 and factoring172

the constant M
b−a out of the minimization yields the stated173

identity.174

5 Case Study175

In this section we will briefly outline one of the possible ap-176

plications of the distance defined in this paper. Let us assume177

we have a group of 10 experts (A,B, . . . , J). Each one uses178

a different fuzzy linguistic term set (Figure 1) for the qual-179

itative evaluation of some objects. As the number and the180

interpretation of the terms are different, we want to calculate181

the degree of consensus in the terms. Following [Cabrerizo et182

al., 2010], we calculate the collective dissimilarity matrix as183

the distance between each of the term sets (Table 1). In this184

example, G and H are the most different vocabularies (dis-185

tance of 32.5), while I and J are the most similar (2.5), with a186

very similar distribution as can be seen in Figure 1).187

The average distance of an expert from the rest X̄ , (last row188

in Table 1) can be used to determine which of the term sets189

could be used as representative, that is, the one that requires190

fewer changes in the vocabularies of the other experts. In this191

example, it corresponds to expert J, with an average of 11.8.192

The overall degree of consensus is the average of all dis-193

tances in the matrix, which corresponds to 15.02. If we con-194

sider some subgroups of experts; for example, the degree of195

consensus of the group {G,H, I, J} is 18.55, while for the196

group {C,D,E, F} is 11.01. It may help to build subgroups197

of experts that have more similar qualitative scales, like the198

second group, in this case.199

Figure 1: Fuzzy linguistic term sets of 10 experts in the case study

6 Conclusions and Future Work 200

In this paper, we proposed a new distance between multi- 201

granular fuzzy linguistic term sets represented by trapezoidal 202

fuzzy numbers. It combines a distance defined between in- 203

dividual trapezoidal fuzzy sets with the Wasserstein optimal 204

transport method to compare complete linguistic vocabular- 205

ies. 206

One of the main advantages of the method is that it does 207

not require any predefined correspondence between labels, 208

which makes it suitable for comparing linguistic term sets 209

with different numbers of terms and different semantic in- 210

terpretations. It only requires the labels to be defined in a 211

common numerical interval [a, b]. 212

A B C D E F G H I J

A 0.0 13.3 16.4 10.1 16.8 16.3 28.6 11.7 18.1 16.3
B 13.3 0.0 12.7 17.9 16.2 12.6 21.4 23.9 14.0 14.4
C 16.4 12.7 0.0 13.0 8.0 7.4 16.8 20.7 7.7 7.8
D 10.1 17.9 13.0 0.0 13.0 14.5 26.1 9.9 16.2 13.8
E 16.8 16.2 8.0 13.0 0.0 10.3 13.6 20.2 9.1 7.0
F 16.3 12.6 7.4 14.5 10.3 0.0 14.6 21.3 6.6 6.4
G 28.6 21.4 16.8 26.1 13.6 14.6 0.0 32.5 15.5 16.9
H 11.7 23.9 20.7 9.9 20.2 21.3 32.5 0.0 23.2 20.7
I 18.1 14.0 7.7 16.2 9.1 6.6 15.5 23.2 0.0 2.5
J 16.3 14.4 7.8 13.8 7.0 6.4 16.9 20.7 2.5 0.0

X̄ 16.4 16.3 12.3 14.9 12.7 12.2 20.7 20.4 12.6 11.8

Table 1: Collective distance matrix and Expert’s average distance.



This distance can be useful in problems where different lin-213

guistic term sets must be compared. The case of finding sim-214

ilarities between the scales used by different experts has been215

taken as an illustrative example. It may also be useful to com-216

pare linguistic scales with respect to a reference one (e.g., one217

generated as a centroid). This problem appears for example218

in data fusion processes as presented in [Herrera et al., 2000;219

Wan et al., 2025], and in group decision aiding applications220

when the information about the alternatives is given by differ-221

ent experts using different linguistic vocabularies, such as for222

job selection [Nguyen et al., 2018], student’s competencies223

assessment [Porro et al., 2021] or energy storage evaluation224

[Liang et al., 2022], among many others.225
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